Introduction: High precision experiments on dynamic fracture in slabs of amorphous materials revealed very interesting instabilities in the form of microbranching. Above a critical velocity of about 0.4c R , where c R is the Rayleigh wave speed, a single, straight, rapidly moving crack is unstable against the appearance of small diameter side-branches that affect both the morphology and the velocity of propagation [1] . An important observation regarding this instability is that although experiments are typically performed on quasitwo-dimensional samples (i.e. samples for which the third dimension is significantly smaller than the other two dimensions), the instability is intrinsically threedimensional [2, 3] ; at the onset of instability the microbranches occupy only a small fraction of the small third dimension, barely misting the mirror quality of the main crack.
Nevertheless, theoretically there were a number of attempts to explain this instability in the context of Linear Elastic Fracture Mechanics (LEFM) in two dimensions, where the experimentally observed instability was interpreted as a macroscopic crack bifurcation. It was shown that above some critical velocity such a bifurcation is allowed on energetic grounds [4] , but not necessarily realized dynamically. The aim of this Letter is to show that two-dimensional LEFM predicts the existence of a dynamical oscillatory instability. We refer the reader to the experimental companion paper where a similar conclusion is offered on the basis of crack propagation in thin films loaded with a fixed grip [5] . Here we construct a theoretical analog: a semi-infinite straight crack propagating at a constant velocity in an infinitely long twodimensional strip under fixed grip boundary conditions. The standard framework of LEFM is supplemented with a modified principle of local symmetry [6, 7] , and see below for details. The analysis is based on a recently derived solution for the linear perturbation problem of the dynamic stress intensity factors using the weight functions method [8] [9] [10] . We find that an oscillatory mode of finite wavelength becomes unstable above a critical velocity v c , 0.8c R < v c < 0.85c R .
The perturbation problem: Consider a semiinfinite straight crack dynamically propagating at a constant velocity v in an infinitely long two-dimensional strip of width 2h under fixed-grip boundary conditions. A coordinate system (x, y) is located on the central line of the strip with x being the direction of crack propagation. The unperturbed crack configuration M 0 at any time t is described by
We then consider a configuration M ǫ that results from a small time-dependent perturbation of the crack path
where ϕ(t) and ψ(x) are smooth dimensionless functions that define the longitudinal and transverse perturbations, respectively. The dimensional amplitude ǫ satisfies 0 < ǫ/h ≪ 1, ensuring that both the speed and the path are only slightly perturbed. For convenience we define a comoving frame by the transformation X = x − vt and Y = y. The material is assumed to be linear elastic and isotropic, with the displacement field u(x, y) satisfying Navier's equation
where ρ is the density and the dots stand for partial time derivatives. λ and µ are the Lamé coefficients that relate the spatial derivatives of u to the components of the stress tensor σ [11]
with i, j = x, y. The boundary conditions are given by
where n is an outward unit vector normal to the crack faces, y is a unit vector in the y direction and w is a constant. As the fracture process is localized near the crack tip we are mainly interested in the fields in that region. To that aim we define a shifted and rotated frame (X ′ , Y ′ ) according to
where θ is the angle between the crack tip orientation and the X-axis such that tan(θ) = ǫ∂ x ψ(ǫϕ(t) + V t).
Then, the asymptotic expansion of the stress field along the Y ′ = 0 direction, sufficiently close to the crack tip (X ′ → 0 + ) yields [12] 
where K I and K II are the mode I (tensile) and II (shear) "stress intensity factors" respectively. Our goal is to obtain K I and K II as functionals of the perturbation functions ϕ(t) and ψ(x) to linear order in ǫ.
Solution: As a result of the long range nature of elastic interactions we expect K +u (1) and the stress field as σ = σ (0) +σ (1) . Then, we represent the unperturbed displacement field as
+ywy/h. Here u (s) is a field satisfying Eq. (3) in a strip with a straight crack and the boundary conditions σ xy = 0, σ yy = −(2µ + λ)w/h on the crack and u (s) (x, ±h) = 0. In addition, the asymptotic expansion of the unperturbed stress field is given by
where we have included the sub-leading contribution proportional to A
I . Accordingly, the expansion for the dynamic stress intensity factors is written as
(9) Note that there is no zeroth order contribution to K II since the unperturbed crack is pure mode I.
The zeroth order problem is rather straightforward and the resulting solution is presented in [10] . The goal now is to obtain K (1)
II as linear functionals of the perturbation functions ϕ(t) and ψ(x). The crucial step is the construction of an auxiliary field U , whose components are the so-called dynamic weight functions [8] . U satisfies Eq. (3) in a strip with a moving straight crack along the X-axis and possess the following properties: (i) [U ] (X < 0, 0) = 0 and U (X, ±h) = 0. (ii) The components of the stress tensor σ iY (U ) are continuous and
Here c i are constants and [·] denotes the jump of a function across Y = 0. The field U is found by solving the associated Wiener-Hopf type equations and the explicit Fourier space representation of [U ] is given in [10] . With these objects at hand the original reasoning of [8, 9] applies without change and the linear functional K II are shown to be (see Ref. [10] for details) 
Here H(·) is the Heaviside function and recall that x = X +vt. The various terms on the RHS of Eq. (11) have clear physical meanings. The first term is a result of shifting the crack tip out of the symmetry line y = 0 to y = ψ(vt) in the presence of the unperturbed asymptotic field of Eq. (8) . By dimensional analysis it is obvious that this term must be proportional to the sub-leading contribution A With this interpretation in mind, one observes that the dynamic weight functions U are response functions that quantify the effect of forces applied to the crack line on the asymptotic stress field near the tip. An instability, if exists, should emerge as result of the competition between these various terms.
Stability analysis: In order to study the stability of the straight crack against small perturbations, one must have an equation of motion for the crack tip. Such an equation does not emerge from LEFM. This theory can determine the stress and displacement fields, under the linear stress-strain assumption of Eq. (4), given the crack and the loading histories, but cannot tell where and at what rate the crack tip will propagate. The rate of crack propagation is determined by assuming that the energy flowing to the crack tip per unit crack extension per unit time, J, equals vΓ(v), where Γ(v) is the "fracture energy". The quantity J is calculated using the dynamic stress intensify factors in the asymptotic expansion Eq. (7) [12] . Considering a pure longitudinal perturbation, ψ(x) = 0 and ϕ(t) = 0, one obtains, to first order in ǫ,
where Eq. (11) was used and F(v) is a known universal function [10] . In [10] the case of constant fracture energy, ∂ v Γ(v) = 0, was studied. Since for the fixed-grip strip configuration J = vG, where the "energy release rate" G is constant, every velocity v is possible as long as G = Γ. It was shown in [10] that the crack is unstable for all the velocities below v ≈ 0.6c R . On the other hand, real materials have ∂ v Γ(v) > 0 such that a unique velocity is selected according to G = Γ(v) and longitudinal stability is expected [13] . We verified that Eq. (13) indeed predicts longitudinal stability for all velocities as long as ∂ v Γ(v) > 0. Accordingly, we can safely assume a straight crack propagation at a constant velocity and focus on transverse perturbations, i.e. ψ(x) = 0 and ϕ(t) = 0. Note that all the calculations, here and below, were performed for a material with a fixed ratio between λ and µ such that Poisson's ratio for plane stress condition was ν = 0.23 [11] . The results depend smoothly (and weakly) on ν.
To study the transverse stability of the straight crack we employ the equation suggested in [6] 
where
is a positive definite dynamic material function that quantifies how the asymmetry in the asymptotic fields Eq. (7), characterized by K II , is transferred to the crack tip itself; θ is defined in Eq. (6). Eq. (14) was applied quite successfully in [7, 14] . The equation was obtained by using symmetry arguments and assuming (i) that the crack tip is not appreciably blunted and the crack path is a trace of a point, (ii) that the region around the tip in which linear elasticity theory is not applicable (the so-called "process zone") is small compared to any other length scale, (iii) the crack path is smooth. By dimensional considerations we define a dynamic length scale as
As this length scale is expected to be small, in our case implying ℓ(v)/h ≪ 1, Eq. (14) is approximated by many authors by K II /K I ≈ 0, which is the well-known "principle of local symmetry" [15] . Eq. (14) is thus a modified principle of local symmetry. Note that for ℓ(v) to be well defined in the limit of small v, we must have
, v) ∝ v in that limit. To proceed we can consider two types of transverse perturbations, one localized right at the tip [10] , and the other global, like a small amplitude sine function [16] . We follow the latter approach since real cracks are never perfectly straight. Analyzing the perturbation in linear modes, we consider
Then, we note that Eq. (14), with ∂ t θ ≃ ǫv∂ xx ψ(vt), is a linear integro-differential equation for ψ(x). In principle, such an equation can be analyzed by standard methods, but we encounter a difficulty as f (
is not yet known. To overcome this difficulty, we focus, without loss of generality, on times such that ψ(vt) = 0. The dynamical equation (14) then predicts that if θ and K II have the same sign, with f > 0, then ∂ t θ has the opposite sign and |θ| decreases, which means that a small perturbation decays. By the same argument, for θ and K II having the opposite sign a small perturbation grows. This criterion is identical to the one used in Refs. [7, 16] . Therefore, considering the perturbation introduced in Eq. (16), we interpret a change of K II from positive to negative as an instability. Note that this criterion is independent of the exact form of the function f (K I , K I as a function of ηh for two representative velocities, one below the instability and one above. We observe that for v = 0.8c R the curve is always positive, implying stability, while for v = 0.85c R the curve changes sign from positive to negative, implying instability. The normalized wave number η c h at threshold is approximately η c h ≈ 1.4. The instability should be understood as resulting from a competition between local stabilizing terms and non-local destabilizing terms in Eq. (11) (see discussion above), which we believe to be the dynamic counterpart of the phenomenon studied in [7, 16] .
Discussion and summary: While oscillatory instabilities were observed and discussed before in a number of fracture contexts ( [17] in the context of quasi-static thermal cracking, [18] in the context of lattice simulations, [19] in large biaxial strain experiment in rubber, [20] in context of a phase field model), it appears that the present is the first calculation predicting such a high velocity instability, purely on the basis of LEFM. This prediction is in correspondence with the experimental observations in quasi-two-dimensional thin layers where the side branching instability is suppressed (see the companion Letter [5] ).
Notwithstanding the correspondence of the predicted onset of oscillatory instability compared to the experiment, one should point out that the predicted wavelength of the saturated post-instability solution differs qualitatively in theory and experiment. The theory, being based on LEFM that contains no intrinsic scales, is bound to predict a wavelength that scales with the width h of the strip. The experiment predicts saturated oscillatory cracks with wavelengths that do not depend on the width of the strip. Interestingly enough, the experiment also reports an excellent agreement with LEFM for all the properties of the dynamic crack up to the instability point. It is tempting to interpret these findings by stating that LEFM supplemented with the modified principle of local symmetry is trustworthy up to the instability, but then fails once the oscillatory motion is stabilized. The indication is that while the crack is straight all the nonelastic aspects can be lumped into an effective fracture energy Γ(v). The true free boundary dynamics of the crack, once deviating from the straight line, call for a new understanding that must go beyond LEFM with or without principles of local symmetry. It is very possible that the actual shape of the tip, including its radius of curvature, the distortion with respect to the symmetry axes and all other dynamic degrees of freedom become essential in determining the actual path of the crack. Such degrees of freedom can introduce intrinsic length and/or time scales. The only way to reach such a theory is to derive equations directly for the free boundary that defines the crack. A theory that advances in this direction will be presented in due course [21] .
